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Preface

All srudents can learn mathematies with understanding. It is through the reacher’ actions thar
every student can have this experience. We believe that teachers must create a classroom envi-
ronment in which students are given opportunities to solve problems and work together, using
their ideas and strategies, to solve them. Effective mathematics instruction involves posing
tasks that engage students in the mathematies they are expected to learn. Then, by allowing
students to interact with and productively struggle with their own mathematical ideas and their
own strategies, they will learn to see the connections among mathematical topics and the real
world. Students value mathematics and feel empowered to use it.

Creating a classroom in which students design solution pathways, engage in productve
struggle, and connect one mathematical idea to another, is complex. Questions arise, such as,
“How do 1 get students to wrestle with problems if they just want me to show them how to
do it? What kinds of tasks lend themselves to this type of engagement? Where can [ learn the
mathematics content I need to be able to teach in this way?” With these and other questions
firmly in mind, we have several objectives in the tenth edition of this textbook:

1. Tllustrate what it means to teach mathematics using a problem-based approach.

2. Serve as a go-to reference for all of the mathematics content suggested for grades preK—8
as recommended in the Common Core State Standards (NGA Center & CCS50), 2010)
and in standards used in other states, and for the research-based strategies that illustrate
how students best learn this content.

3. Present a practical resource of robust, problem-based activities and tasks that can engage
students in the use of significant mathematical concepts and skills.

4. Focus attention on student thinking, including the ways students might reason about num-
bers, and possible challenges and misconceptions they might have.

‘We are hopeful that you will find that this book 1s a valuable resource for teaching and learming
mathematics!

New to this Edition

The following are highlights of the most significant changes in the tenth edidon.

Common Challenges and Misconceptions

Every chapter in Part II offers at least one table that summarizes common challenges stu-
dents encounter in learning that topic (Chapter 15, Fraction Operations has three). The ble
includes the challenge, provides an example of what that might look like in either a sample of
student work or a statement, and then offers some brief ideas of what you might do to help.
Knowing common student challenges and misconceptions is a eritical part of planning and can
greatly influence how a lesson is structured and what problems you use. The research from
many sources has been merged into these practical references.

Routines

More and more classrooms are using innovative lesson designs and short discussion routines to
help students develop number sense, flexibility, and the mathematical practices. In Chapter 4,
we have added se new sections on: 3-Act Tasks, Number Talks, and Worked Examples. For
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example, worked examples are mentioned in some of the tables identifying student challenges,
because there is research to suggest that analyzing worked examples 1s effectve in helping
students learn.

Mathematical Modeling

Since the ninth edition, there has been significant national dialogue about the importance of
mathematical modeling and what this might look like across the grades. The Guidelines for
Assessment & Instruction in Mathematical Mudeling Education (GAIMME) Report (COMAP &
SIAM, 2016) provides excellent guidance. Therefore, the section in Chapter 13 on mathemat-
ical modeling was completely rewritten to reflect the GAIMME report, as well as to showease
a number of excellent books and articles that have emerged recently.

Infusion of Technology

You may notice that Chapter 7 (Technology) from the previous edition is gone. Readers and
reviewers have commented that this chaprer is not needed in part because using technology
is much more commonly understood and used, and in part because it makes far more sense to
talk about technology as it relates to the mathematics. We have heard you and we have integrated
technology discussions, tools, and ideas throughout the book.

MyLab Education

Digital learning and assessment resources have been expanded significantly via MyLab Educa-
ton. The following resources have been designed to help you develop the pedagogical knowl-
edge and content knowledge needed to be a suecesstul teacher of mathematics:

* Video examples: Embedded throughout all chaprers, these examples allow you to see
key concepts in action through authentie classroom video, as well as clips of children
solving math problems. Additonal videos feature your authors and other experts intro-
ducing and briefly explaining strategies for teaching important topics.

# Self-checks: Designed for self-study, these muluple-choice items are ted to each chap-
ter learning outcome, and help you assess how well you have mastered the concepts
covered in the reading. These exercises are self-grading and provide a ratonale for the
COITECT ANSWEL.

= Application exercises: Video and scenario-based exercises appear throughout the chap-
ters and provide an opportunity for you to apply what you have learned to real classroom
situations. There are also ten exercises on observing and responding to student thinking that
include video clips of children talking through and solving problems on a whiteboard
app;: accompanying questions ask you to analyze and child’s reasoming, idendfy any mis-
conceptions, and explain any actions or prompts you might use as the teacher to guide
the student’s learning. Expert feedback is provided after submitting your response,

¢ Math practice: Located at the end of most content chapters, these sets of questions
provide an opportunity to practice or refresh your own mathematies skills through
solving exercises associated with the content from that chapter. These questions are
also self-grading.

= Blackline masters, activity pages, and expanded lessons: These documents are
linked throughout each chaprer and make it easy for instructors and students to down-
load and print classroom-ready handouts that can be used in a methods class or school
settings.

Major Changes to Specific Chapters

Every chapter in the tenth edition has been revised to reflect the most current research, stan-
dards, and exemplars. This is evident in the approximately 300 new references in the tenth



edition! This represents our ongoing commitment to synthesize and present the most current
evidence of effective mathematics teaching. Here we share changes to what we consider the
most significant (and that have not already been mentioned above).

Teaching Mathematics in the 21st Century (Chapter 1)

The new Association of Mathematies Teacher Educators (AMTE) Standards for Preparing
Teachers of Mathematics (AMTE, 2017) are described in Chapter 1. We added a section on
how to create a2 whole school agreement with a cohesive mathematics message.

Exploring What It Means to Know and Do Mathematics
(Chapter 2)

Chapter 2 was revised in several significant ways, including revisions to the exemplar tasks (one
in each content domain) to each have a common format, and to each have a stronger focus
on multiple strategies. The discussions on theory were condensed, and making connections
between theory and teaching were revised to be more succinet and explicit.

Teaching through Problem Solving (Chapter 3)
The NCTM Teaching Practices (2014) have been integrated into Chaprer 3. A completely

revamped section, now titled Developing Procedural Fluency, focuses on the importance of
connecting conceptual and procedural knowledge, and includes a new list of ways to adapt
drill-related tasks to emphasize understanding and connections {(Boaler, 2016). Talk moves in
the Discourse section have been revised to include eight talk moves (Chapin, O’Conner, &
Anderson, 2013).

Teaching through Problem Solving (Chapter 4)

Beyond the new routines section (described above), the families section was heavily revised and
the lesson plan steps condensed and formatted for easier readability.

Teaching Mathematics Equitably to All Students (Chapter 6)

We expanded our emphasis on using an asset-based approach, focusing on students’
strengths rather than deficits. We emphasize a focus on using students’ prior knowledge
and experiences to drive instructoonal decisions. There is also a revamping of the section
on gifted and talented students including attention to an excellence gap (students who may
be overlooked).

Basic Facts (Chapter 9)

Recent research (e.g., Baroody et al., 2016) has uncovered a new and effective addinon reason-
ing strategy—Use 10, which has been added to this chapter, along with new visuals and insights
on teaching subtraction facts effectively.

Developing Strategies for Multiplication and Division
(Chapter 12)

In new updates in this chapter, there are expanded examinations of the written records of com-
puting multiplication and division problems including lartice mulaplication, open arrays, and
partial quotients. There is also a new section of the use of the break apart or decomposition
strategy for division. A conversation about the selection of numbers for computational estima-
ton problems is also shared.

Preface
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Algebraic Thinking, Equations, and Functions (Chapter 13)

In addition to the new section on mathematical modeling, there are several new ideas and
strategies for supporting algebraic thinking, including adapting the hundreds chart to
explore patterns and optons for creating tables with more structure to help students notice
relationships.

Developing Fraction Concepts (Chapters 14)

Fraction concepts has an expanded focus on the fundamental ideas of sharing and iterating.
This chaprer also has been reorganized, has more contexts for comparing fractions, and more
attention to student challenges in understanding fractions.

Ratios, Proportions, and Proportional Reasoning (Chapter 17)

The sections on additive and muluplicatve reasoning have been significantly revised, includ-
ing a new discussion on social justice mathematics. Additonally, significantly more literature
connections are provided in this chapter and new actvities.

Developing Concepts of Data Analysis (Chapter 20)

This chapter had numerous enhancements and changes! In additon to four new figures and
completely updated technology options, the discussion of variability is woven throughout the
chapter (including more attention to measures that are resistant to outlier), and sections on
boxplots, histograms, and bivariate data were expanded and revised (see new subsection on
bivariate categorical data).

An Introduction to Teaching Developmentally

If you look art the table of contents, you will see that the chapters are separated into
two distinct sections. The first section consists of six chaprers and covers important ideas
that cross the boundaries of specific areas of content. The second section, consisting of
16 chaprers, offers teaching suggestions and activities for every major mathematics topic
in the preK-8 curriculum. Chapters in Part I offer perspectives on the challenging task
of helping students learn mathematics. Having a feel for the discipline of mathematies—
that is, to know what it means to “do mathematies”"—is critieal to learning how to teach
mathematics well. In addition, understanding constructivist and sociocultural perspectives
on learning mathematics and how they are applied to teaching through problem solving
provides a foundation and rationale for how to teach and assess preK-8 students. You will
be teaching diverse students mcluding students who are English learners, are gifted, or
have disabilities. In this text, you will learn how to apply instructional strategies in ways
that support and challenge #/f learners. Formative assessment strategies and strategies for
diverse learners are addressed in specific chaprers in Part [ (Chapters 3, and 6, respectvely),
and throughout Part IT chapters.

Each chaprer of Part IT focuses on one of the major content areas in preK-8 mathematies
curriculum. It begins with identifying the big ideas for that content, and provides guidance on
how students best learn that content through many problem-based activities to engage them
in understanding mathematics, as well as considering what challenges they may encounter and
how you might help them.

Hundreds of tasks and activities are embedded in the text. Take out pencil and paper, or use
technology, and try the problems, thinking about how you might solve them and how students
at the mtended grades might solve them. This is one way to actively engage in your learning
about students learning mathematics. In so doing, this book will increase your own understand-
ing of mathemarics, the students you teach, and how to teach them effectively.



Some Special Features of This Text
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By fhipping through the book, you will notice many section headings, a large number of figures,
and various special features, All are designed to make the book more useful as a long-term
resource. Here are a few things to look for.

CHAPTER

Developing Fraction Concepts

LEARNER OUTCOMES
After rescing thes chapter and engagng in the embedded sctrties and refisctions, you should be
nbie 8o
181 Descrive and give examples for fractions consiructs and fraction models.
149 Espian fnuneational conoeprs of fractional parts, including temtion and partitomng.
143 Musmimas the cancept of equimience aciiss fraction models.
144 Desorine strategies for comparing fractions and ways i tach this som0 concemusy,

ractions are une af the mest impss rane mpits soudents nesd i anderszand e be eceshul

in algrbea and heyond, yes it is an ares in which U5, sadents, s well ay slenms in many
coumaries, stmiggle (OECD, 20(4). Narional Assesment of Eduestional Progress (NAEP)
recubs have comsbaenty b thar ausdents have o weak underaanding of Sacfion tonseps
{Suwder & Wearne, 2006, Wearne S Kensha, 20005, This lack of underseanding is then trams-
lagest into difficnlties with fracrion compatation, decimal and percent concepes, and algebes
{Bailey, Hosnd, Nugent, & Geary, 2012, Booth & Newson, 3012; Brown & Quinn, 3007,
Natiomal Mishemarics Advisory Panel, 2008, Sisjler, Fasic, Bailey, & Zhau, 2013). Therefore,
i in zitical thut yona seach fractioms well, present fractons o intersg and importast, and
comunit e helping sudents i dersand the meaning of fracions,

ﬁ BIG IDEAS

* Fractions can snd should be diftemre et
and chvision) and difterent models: area (e § of 3 gamen), lengh ie .. § of an Inchj. and
2ot (2, of the manieg),

* Fractionsane equal shares of 2 whoie or 3w Treetore, squal shasng actvties &g,

2 sancwiche:s shired with 4 frienda] build o whelenumber knowledge in inroduce frac-
tional geentites.

* Partiionng and ferating are ways students o arderstand the meaning of fractions. Partl-
fioning can be thought of 25 spiitling the whole equally jeg-, spktiing a shole into fourthsy.
20 tesating can be thought of as making 3 copy of sach piece and coUNing Mem jeg .
T Sourti, e fnurths, ete ),

. fractions amount by useg differentsired frao
tinnal parts.

® Pl W ot size of the fractions. Estimaton
2nd reasoning ars important in teaching understancing of factices.
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<4 Learning Outcomes

To help readers know what they
should expect to learn, each chap-
ter begins with learning outcomes.
Self-checks are numbered to cover
and thus align with each learning
outcome.

< Big Ildeas

Much of the research and litera-

ture espousing a student-centered
approach suggests that teachers
plan their instruction around big ideas
rather than isolated skills or con-
cepts. At the beginning of each chap-
ter in Part Il, you will find a list of the
big mathematical ideas associated
with the chapter. Teachers find these
lists helpful to quickly envision the
mathematics they are to teach.
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Chance of Hitting the Target? <« Activities
Projoct a tasget soch as the one ilusinated here with concentric cirdles having radil of 2 inches, & inches. B inches. and 10 inches. : : z
e e At Tl R Aty 6 i Uy o A e S e e The numerous activities found in every chapter of

Part Il have always been rated by readers as one of
the most valuabie parts of the book. Some activity
ideas are described directly in the text and in the
illustrations. Others are presented in the numbered
Activity boxes. Every activity is a problem-based

AN sk i s o g i e famd e fhe e and e b | {3ck (a5 described in Chapter 3) and is designed to

randamly). Ask students i Sscuss wiy 1310 MOy of Moy N0t match the percant of the aea that & covesed (0.4, peopie with ; i :
good alm will be able 1 hit the smaler areas more often). Thes, have students propese what point values they would assign engage students in domg mathematics.

to sach tegion. Stesents may SsSiEn values i various ways. For examgie, they may think the skinny outer cirslz ks hanter to
land gn and ghe It mone panls Man ciher sectians. even though the amna of that reglon may be more. Alow them time to
k:n:n their reasoning and to cotique sthers’ ways of Bssigning points.

Adaptations for Students with Special Needs and

== g
E"gish Learners ', Scubi?il.ﬂﬂ.ﬂ.i. 1.0A.C.E: @
3 . 5 How Many Feet in the Bed? .
Chapter 6 provides detailed background and strategies for how BRI R T T -
s 1 1 B BT tht Boddl ek StudEMS how many mose feet are in the bed whan
to support students with special needs and English learners i iy e s i T
(ELs). But, many adaptations are specific to a activity or task. iy
g
Therefore, Part |l chapters offer adaptations and instructions L e e o i
within activities (look for the icon) that can meet the needs of Il A0 ek St b T o 3 e Wi =
students with special needs and ELs.
44 Formative Assessment
D FORMATIVE ASSESSMENT Notes. To assess understanding of division algorithms, call Nﬂtes
wan different sowdents to explain indwidual sreps wsing the appropeare rerminelogy thar
conmerts w the concept of division. Use an Observation Checklist v record soadens” responses, Assessment is an Tntegral process

indicaring hew well they understand dhe algorithm, For students whe are having difficulry, you

may want to conduce 4 shorr diagnostic intenview o explare their level of undertanding in within instruction. Slmlla”.‘!" it makes

mire detail. Begin by having the sodent complere 115 + 9 and s them o valk sboor whar sense to think about what to be listen-
thiiey are thinking as they carry out specific steps in the process. I vhere is difficulty explaining, =
have the sudent use base-ten marerials go directdy model the problem and atempr w fink the ing for (assessing) as you read about

actiond to the procedure. Then ask them w diseuss verbally the connections between whit was
done with e models and what was written symbolically. B

different areas of content develop-
ment. Throughout the content chap-
ters, there are formative assessment
notes with brief descriptions of ways
to assess the topic in that section.
Reading these assessment notes as
you read the text can help you under-
stand how best to assist students
who struggle.

Technology Notes b

k TECHNOLOGY Note. An anuring compurer tool for drawing owo-dimensional views

|nfu5{ng technnlogical tools is important ' of block buildings |5 the Isometric mei.ng_-fbrli. available at the NCTM ILlLLmin:u_inns
. = . . wehsite. Using mouse clicks students can draw cither whole cubes, faces. or just lines. The
n learmng mathematics. We have infused drawings, however, are actually “buldings” and can be viewed as three-dimensional objects
techno[ogy notes thmug]ﬂu[ Part Il. A tech- thar when rotared can be seen from any vantage point, Prepared investigations lead stodents

through the festures of the tool. B

nology icon is used to identify places within
the text or activity where a technology idea or
resource is discussed. Descriptions include
open-source (free) software, applets, and
other Web-based resources, as well as ideas
for calculator use.
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Standards for
@ Mathematical
Practice
MP1. Make sense of
problems and persevere

in solving them.

@ RESOURCES FOR CHAPTER 14

LITERATURE CONNECTIONS
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< Standards for Mathematical Practice
Margin Notes

Connections to the eight Standards of Mathe-
matical Practice from the Commaon Core State
Standards are highlighted in the margins. The
location of the note indicates an example of the
identified practice in the nearby text.

< End of Chapter Resources

The end of each chapter there are Resources,
which include “Literature Connections” (found in all
Part Il chapters) and “Recommended Readings.”

Literature Connections. Here you will find exam-
ples of great children’s literature for launching into
the mathematics concepts in the chapter just read.
For each title suggested, there is a brief descrip-
tion of how the mathematics concepts in the
chapter can be connected to the story. These lit-
erature-based mathematics activities will help you
engage students in interesting contexts for doing
mathematics.

Recommended Readings. In this section, you will
find an annotated list of articles and books to aug:
ment the information found in the chapter. These
recommendations include NCTM articles and
books, and other professional resources designed
for the classroom teacher.
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Supplements for Instructors

Qualified college adopters can contact their Pearson sales representatives for information on
ordering any of the supplements described below. These instructor supplements are all posted
and available for download (click on Educators) from the Pearson Instructor Resource Center
at www.pearsonhighered.com/irc. The IRC houses the following:

* Instructor’s resource manual: The Instructor’s Resource Manual for the tenth edi-
tion includes a wealth of resources designed to help instructors teach the course, includ-
ing chapter notes, activity suggestions, and suggested assessment and test questions.

¢ Electronic test bank: An electronic test bank (TB) contains hundreds of challenging
questions as multple-choice or short-answer questions. Instructors can choose from
these questions and create their own customized exams.

* PowerPoint™ presentation: Ideal for instructors to use for lecture presentations or
student handouts, the PowerPoint presentation provides ready-to-use graphics and text
images ted to the individual chapters and content development of the rexr,
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CHAPTER

Teaching Mathematics
in the 21st Century

LEARNER OUTCOMES

After reading this chapter and engaging in the embedded activities and reflections, you should be
able to:
1.4 Summarize the factors that influence the effective teaching of mathematics.

1.2 Describe the importance of content standards, process standards and standards of
mathematical practice.

1.3 Explore the qualities needed to learn and grow as a professional teacher of
mathematics.

ome of you will soon find yourself in front of a class of students; others of you may already

be teaching. What general ideas will guide the way you will teach mathematies as you grow
in the teaching profession? This book will help you become comfortable with the mathematics
content of the preK-8 curriculum. You will also learn about research-based strategies that help
students come to know mathematics and be confident in their ability to do mathematics. These
two things—your knowledge of mathematics and how students learn mathematics—are the
mast important tools you can acquire to be successful.

L~
4

w

Becoming an Effective Teacher
of Mathematics

As part of your personal desire to bmld successful learners of mathematics, you might recognize
the challenge that mathematics is sometimes seen as the subject that people love to hate. At social
events of all kinds—even at parent—teacher conferences—other adults may respond to the fact
that you are a teacher of mathematics with comments such as “I could never do math,” or “T can’t
caleulate the tip at a restaurant—I just hope they include suggestions for tips at the bottom of my
receipt.” Instead of dismissing or ignoring these disclosures, consider what positive action you
can take. Would people confide that they don’t read and hadn’t read a book in years—nor likely.
Families' and teachers’ attitudes toward mathematics may enhance or detract from students abil-
ity to do math. It is important for you and for students’ families to know that mathematics ability
is not inherited—anyone can learn mathematics. Moreover, learning mathematics 1s an essential
life skall (OECD, 2016). So, you need to find ways of countering negative statements about math-
ematics, especially if they are declared in the presence of students. Point out that it is a myth that
only some people can be successful in learning mathematics. Only in that way can the chain of

1
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Chapter 1 Teaching Mathematics in the 21st Century

passing apprehension from family member to child, or in rare cases from teacher to student, be
broken. There 1s much joy to be had in solving mathemaucal problems, and it is essential that
you model an excitement for learning and nurture a passion for mathematies in your students.

Ultimately, your students need to think of themselves as mathematicians in the same way as
they think of themselves as readers. As students interace with our increasingly mathematical and
technological world, they need to construct, modify, communicate or integrate new information
in many forms. Solving novel problems and approaching new situations with a mathematical
perspective should come as naturally as using reading to comprehend facts, insights, or news.
Pardcularly because this century is a quantitanve one (Hacker, 2016), we must prepare students
to interpret the language and power of numeracy. Hacker states that “decimals and ratios are
now as crucial as nouns and verbs” (p. 2). So, for your students’ sake, consider how important
mathemartics is to interpreting and successfully surviving in our complex economy and in our
changing environment. Learning mathematics opens up a world of important ideas to students.

The goal of this book is to help you understand the mathematics methods that will make
you an effective teacher. We also base this book on the collecove wisdom of an organizadon of
mathemartics educators and mathematicians who developed a ser of standards for what knowl-
edge, skills and dispositions are important in cultivating a well-prepared beginning teacher of
mathematcs (Associagon of Mathematics Teacher Educators, 2017). This book infuses those
standards for developing elementary and middle school teachers of mathematics using the sug-
gestions of what best supports teacher candidates in methods courses. Because the authors of
this book were also engaged in the creation and writing of the Standards for Preparing Teachers
of Mathematics, the book is aligned with the AMTE standards. As you dig into the informa-
ton in the chapters ahead, your vision of what is possible for all students and your confidence
to explore and teach mathematics will grow.

& A changing World

In The World Iy Flat (2007), Thomas Friedman discusses how globalization has created the
need for people to have skills that are long lasing and will survive the ever-changing landscape
of available jobs. He names categories of workers who regardless of the shifting terrain of job
options—will always be successtul in finding employment. One of these “untouchable” cate-
gories is—math lover. Friedman emphasizes thatin a world thatis digitized and surrounded by
algorithms, math lovers will always have career opportunities and choices. Yet, there is a skills
gap of qualified people as science, technology, engineering, and mathematics (STEM) jobs take
more than twice as long to fill as other jobs in the marketplace (Rothwell, 2014).

Now every teacher of mathematics has the job to prepare students with career skills while
developing a “love of math” in students. Lynn Arthur Steen, a well-known mathematician and
educator, stated, “As information becomes ever more quantitanve and as society relies increas-
ingly on computers and the data they produce, an innumerate citizen today is as vulnerable
as the illiterate peasant of Gutenberg’s ime” (1997, p. xv). So, as you see there are an array
of powerful reasons why children will benefit from the study of mathematics and the instruc-
tional approaches you will learn in this book. Your students need to acquire the mental tools
to make sense of mathematics—in some cases for mathematical applications that might not yet
be known! This knowledge serves as a lens for interpreting the world.

Our changing world influences what should be taught in preK—8 mathematcs classrooms
as there is a relationship between early mathematics performance and success in middle school
(Bailey, Siegler, & Geary, 2014) and high school mathematics (Watts, Duncan, Siegler, & Davis-
Kean, 2014). As we prepare preK-8 students for jobs that possibly do not currently exist, we
can predict that there will be few jobs where just knowing simple computation is enough to be
successful. We can also predict that many jobs will require interpreting complex data, design-
ing algorithms to make predictions, and using multiple strategies to approach new problems.

As you prepare to help students learn mathematices for the future, you will need some per-
spective on the forces that effect change in the mathematcs classroom. This chapter addresses
the leadership that you, the teacher, will develop as you shape the mathematics experience for




vour students, Your beliefs about what it means to know and do mathematies and about how
students make sense of mathematics will affect how you approach mstruction and the under-
standings and skills your students take from the classroom. The enthusiasm you demonstrate
about mathematical ideas will translate into your students’ interest in this amazing and beautiful
discipline.

Factors to Consider

Ower the years, there have been significant reforms in mathemates education that reflect the
technological and informational needs of our society, research on how students learn mathe-
matics, the importance of providing opportunities to learn for all students, and ideas on how
and what to teach from an international perspective. Just as we would not expect doctors to
be using the exact same techniques and medicines that were prevalent when you were a child,
teachers’ methods are evolving and transforming via a powerful collection of expert knowledge
about how the mind functions and how to design effective instruction (Wiggins, 2013),

There are several significant factors in this transformation. One factor is the public or
political pressure for change in mathematics education due largely to information about student
performance in national and international studies. These large-scale comparisons of student
performance continue to make headlines, provoke public opinion, and pressure legislatures o
call for tougher standards backed by tesung. This research is important because international
and national assessments provide strong evidence that mathematics teaching must change if
students are to be compettive in the global market and able to understand the complex issues
they will confront as responsible citizens of the world (Green, 2014).

National Assessment of Education Progress (NAEP). Since the 1060s, the
United States regularly gathers data on how fourth-, eighth-, and twelfth-grade smudents are
doing in mathematics on the NAEP (https://nees.ed.gov/nationsreporteard). These data pro-
vide a tool for policy makers and educators to measure the overall improvement of U.S. students
over time in what is called the “Nadon's Report Card.” NAEP uses four achievemnent levels:
below basic, basic, proficient, and advanced, with proficient and advanced representing substan-
dal grade-level achievement. The criterion-referenced test is designed to reflect the current
curriculum but keeps a few stable items for purposes of long-term comparison. In the most
recent NAEP mathematcs assessment in 2015, less than half of all U.S. students in grades 4 and
8 performed at the desirable levels of proficient and advanced (40 percent in fourth grade and
33 percent in eighth grade) (National Center for Education Stanstics, 2015). Despite encour-
aging gains in the NAEP scores over the last 30 years due to important shifts in instructional
practices (particularly at the elementary level) (Kloosterman, Rutledge, & Kenney, 2009b),
students’ performance in 2015 sdll reveals disappointing levels of competency. For the first
tme in 25 years the number of students performing at proficient and advanced dropped two

points at fourth grade and three points at eighth grade (Toppo, 2015). We stll have work to do!

Trends in International Mathematics and Science Study (TIMSS). In
2015, 49 nations participated in the third Internadonal Mathematics and Science Study (herps://
tumssandpirls.be.edu), the largest international comparative study of students’ mathematics and
science achievement—given regularly since 1995, Data are gathered in grades 4, and 8 from a
randomly selected group of students resulting in a sample of more than 600,000 with approx-
imately 20,000 of the students from the United States. The results revealed that U.S. students
performed above the international average of the TIMSS countries at both the fourth grade
and the eighth grade but were outperformed at the fourth-grade level by education systems in
Singapore, Hong Kong, Republic of Korea, Chinese Taipei, Japan, Northern Ireland, Russian
Federation, Norway, Ireland, England, Belgium, Kazakhstan, and Portugal and outperformed
at the eighth-grade level by education systems in Singapore, Republic of Korea, Chinese Taipei,
Hong Kong, Japan, Russian Federadon, Kazakhstan, Canada, and Ireland. These data provide
valuable benchmarks that allow the United States to reflect on our teaching practices and our
overall competitiveness in preparing students for a global economy. If you've heard people talk
about how mathematics is taught in Singapore—these rankings are why. Bur these data do not
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suggest that we should use the curriculum from other higher performing countries as there are
many variables to consider. However we can learn a common theme from these examples: a
teaching focus in these nations that emphasizes conceptual understanding and procedural fluency.
Both of which are eritically important to the long-term growth of problem solving skills (OECD,
2016; Rittle-Johnson, Schenider, & Star, 2015). In fact, teaching in the high-achieving countries
more closely resembles the long-standing recommendations of the National Council of Teachers
of Mathematies, the major professional organizaton for mathemarics teachers, discussed next,

National Council of Teachers of Mathematics (NCTM). One transformative
tactor in the teaching of mathematics is the leadership of the Navnonal Council of Teachers of
Mathematics (NCTM). The NCTM, with more than 60,000 members, is the world’s largest
mathematics education organization. This group holds an influential role in the support of
teachers and an emphasis on what is best for learners. Their guidance in the creation and
dissemination of standards for curriculum, assessment, and teaching led the way for other
disciplines to create standards and for the evenmal creation of the CCSS-M. For an array of
resources, including the web-based [lluminations component which consists of a set of exciting
instructional experiences for your students, visit the NCTM website (www.nctm,org).

MyLab Education Self-Check 1.1

3

We share the history of the standards here so you have a sense of how mathematics instruc-
tion has changed over ime and how external factors and emerging research play a role in that
process. These important ideas are all connected to your future as a teacher of elementary or
middle school mathematics.

The momentum for reform in mathematies education began in earnest in the early 1980s.
The main impetus was a response to a need for more problem solving as well as the research
of developmental psychologists who identified how students can best learn mathematcs. Then
in 1989, NCTM published the first set of standards for a subject area in the Curvicalum and
Evaluation Standards for School Mathematics. Many believe that no other document has had such
an enormous effect on school mathematics or on any other area of the curriculum.

NCTM followed in 1991 with a set of standards for teaching that articulated a vision of
teaching mathemadics for all students, not just a few. In 1995, NCTM added to the collection
the Assessment Standards for School Matbematics, which focused on the importance of integrating
assessment with mstruction and indicated the key role that assessment plays in implemenung
change (see Chapter 5). In 2000, NCTM released Principles and Standavds for School Mathematics
as an update of its original standards document. Combined, these documents prompted a
revolutionary reform movement in mathematies education throughout the world.

As these documents influenced teacher practice, ongoing debate about the mathematics
curriculum continued with many arguing that instead of hurrying through numerous topics
every year, the curriculum needed to address content more deeply. Guidance was needed n
deciding what mathematics content should be raught at each grade level and, in 2006, NCTM
released Curviculum Focal Points, a little publication with a big message—the mathematics taught
at each grade level needs to be focused, provide depth, and explicitly show connecnons, The
goal of the Focal Points was to support a coherent curriculum and give clarity to teachers and
students as to what should be taught at each grade. The resulting sequence of key concepts
provided a “structural fiber” that helped students understand mathematics (Dossey, McCrone,
& Halvorsen, 2016, p. 18).

In 2010, the National Governors Association (NGA) Center for Best Practices and
Council of Chief State School Officers (CCSSO) presented the Commion Core State Stan-

dards, which are grade-level specific standards which incorporate ideas from Cusviculum



The Movement toward Shared Standards 5

Focal Points as well as international curriculum documents. A large majority of U.S. states
adopted these as their standards and other states were sumulated to create new standards of their
own. In less than 25 years, the standards movement transformed the country from having little
to no coherent vision on what mathematics should be tanght and when, to a more widely shared
idea of what students should know and be able to do at each grade level.

In the following sections, we discuss three significant components of the standards that are
critical to your work as a highly effective teacher of mathematics,

Mathematics Content Standards

As noted earlier, the dialogue on improving mathematics teaching and learning extends beyond
mathematics educators. Policymakers and elected officials considered previous NCTM stan-
dards documents, international assessments, and research on the best way to prepare students
to be “college and career ready.” The National Governors Association Center for Best Prac-
tices and the Council of Chief State School Officers (CCSSO) collaborated with other pro-
fessional groups and entities to develop shared expectations for K-12 students across states,
a focused set of mathematics content standards and practices, and efficiency of material and
assessment development (Porter, McMaken, Hwang, & Yang, 2011). As a result, they devel-
oped Common Core State Standards for Mathematics (CCS5-M) which can be downloaded at
hetp://www.corestandards.org/math.

The CCSS-M articulates an overview of aitical areas of mathematics content that are
expectations for each grade from K-8 to provide a coherent curriculum built around big math-
ematical ideas. These larger groups of related standards are called domsains, and there are eleven
that relate to grades K-8 (see Figure 1.1). At this ame, approximately 37 states, Washington,
D.C., four territories, and Department of Defense Schools have adopted the CCSS-M. A few
states chose not to adopt the standards from the start, some created their own versions, and oth-
ers are still deciding their level of participation or reevaluating their own standards compared
to CCSS-M. This change represents the largest shift of mathematics content in the United
States in more than 100 years.

MyLab Education Video Example 1.1

Watch this video (https://www.youtube.com/watch?v=5pBOnvzC_
Yw&list=PLD7F4CTDETCB3D2E6&index=15) by one of the authors of the
CCS5-M to hear more about the shifts made in these standards. P voeo exameie

The Contmon Core State Standards were developed with strong consideration given to the
research on what is known about the development of students’ understanding of mathemarics
over time (Cobb & Jackson, 2011). The selection of topics at particular grades reflects not
only rigorous mathematics, but also what is known from research and practice about learning
progressions which are somedmes referred to as learning trajectories (Clements & Sarama, 2014;
Confrey, Maloney, & Corley, 2014), These progressions can help reachers know the sequence of
what came before a particular concept as well as what to expect next as students reach key points

Kindergarten Grade 1 Grade 2 Grade 3 Grade 4 Grade 5 Grade 6 Grade 7 Grade 8
Counting and
Cardinality
Operations and Algebraic Thinking Expressions and Equations
Number and Operations in Base-Ten The Number System
Measurement and Data Statistics and Probability
Geometry

Ratios and Proportional Functions

Number and Operations—Fractions nelntlnnshlps

FIGURE 1.1 Common Core State Standards domains by grade level.
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along a pathway to desired learning targets (Corcoran, Mosher, & Rogat, 2009). Although these
paths are not identical for all students, they can inform the order of instructional experiences
which will support movement toward understanding and applicagon of mathemates coneepts.
There is a website for the “Progressions Documents for the Common Core Math Standards™
(http://ime.math.arizona.edu/progressions) where progressions for the domains in the Com-
mon Core State Standards can be found.

Although you may have heard people suggest that they are not in favor of the Comrnon
Core State Standards, many of those comments reflect people’s concern with the testing that is
associated with the standards, not the content standards or the mathematical practices which
are described next.

The Process Standards and Standards for Mathematical
Practice

To prepare students for college and career readiness and a lifetime of enjoying mathematical
ideas, there are additional standards that emphasize the important processes in doing mathe-
matics, The process standards refer to the mathematical methods and strategies which preK-12
students acquire to enhance their use of mathemancal content knowledge. NCTM developed
these standards as part of the Principles and Standards document (2000) and stated that the
process standards should not be regarded as separate content or strands in the mathematics
curriculum, rather, they are central and integral components of all mathematics learning and
teaching. The five process standards and ways you can develop these elements in your students
can be found in Table 1.1. Members of NCTM have free access to the Principles and Standuards
and nonmembers can sign up for 120 days of free access to the full document on the NCTM
website (www.nctm.org) under the tab Standards and Focal Points,

The Commmon Care State Standards also go beyond speeifying mathematies content expecta-
tons to also include Standards for Mathematcal Practice. These are *‘processes and proficiencies’

TABLE 1.1 THE FIVE PROCESS STANDARDS FROM PRINCIPLES AND STANDARDS FOR SCHOOL MATHEMATICS

Process Standard How Can You Develop These Processes in Your Students?

Problem Solving L]
®
L]
°
]
Reasoning and Proof ®
L]
]
]
Communication ]
o
®
L]
Connections o
[]
Representation ®
®
L]

Start instruction with a problem to solve—as problem solving is the vehicle for developing mathematical ideas.
Select meaningful mathematical tasks.

Set problems in a situation to which students can refate.

Use a variety of strategies to solve problems.

Have students self-assess their understanding of the problem and their strategy use.

Have students consider evidence of why something is true or not.

Create opportunities for students to evaluate conjectures—do they hold true?

Encourage students to use logical reasoning to see if something always works or their answers make sense.
Demonstrate a variety of ways for students to justify their thinking through finding examples and counter-
examples to use in a logical argument.

Invite students to talk about, write about, describe, and explain their mathematical ideas as a way to
examine their thinking.

Give students opportunities to share ideas so that others can understand and actively discuss their reasoning.
Share examples of student work, so students can compare and assess others’ thinking.

Present precise mathematical language and notation so that the word usage and definitions can act as a
foundation for students’ future learning.

Emphasize how mathematical ideas explicitly connect to students’ prior mathematical knowledge and future
learning.

Assist students in developing the relationships between the mathematics being learned and real-world
contexts and in other subject areas.

Encourage students to use multiple representations to explore relationships and communicate their thinking.
Create opportunities for students to move from one representation of a mathematical concept or idea to
another to add depth of understanding.

Provide problems where students can use mathematical moedels to clarnify or represent a situation.

Source: Adapted with permission from NCTM (National Council of Teachers of Mathematics). (2000). Principles and standards for schaol
mathematics. Reston, VA: NCTM. Copyright 2000 by the National Council of Teachers of Mathematics. All rights reserved.





